ABSTRACT Cytotoxic lymphocytes are key elements of the immune system that are primarily responsible for targeting cells infected with intracellular pathogens, or cells that have become malignantly transformed. Target cells are killed mainly via lymphocyte exocytosis of specialized lysosomes containing perforin, a pore-forming protein, and granzymes, which are proteases that induce apoptosis. Due to its central role in lymphocyte biology, as well as its implication in a host of pathologies from cancer to autoimmunity, the granzyme-perforin pathway has been the subject of extensive investigation. Nevertheless, the details of exactly how granzyme and perforin cooperate to induce target-cell death remain controversial. To further investigate this system, we developed a biophysical model of the immunological synapse between a cytotoxic lymphocyte and a target cell using a spatial stochastic simulation algorithm. We used this model to calculate the spatiotemporal evolution of granzyme B and perforin from the time of their exocytosis to granzyme internalization by the target cell. We used a metric of granzyme internalization to delineate which biological processes were critical for successful target-cell lysis. We found that the high aspect ratio of the immunological synapse was insufficient in this regard, and that molecular crowding within the synapse is critical to preserve sufficient concentrations of perforin and granzyme for consistent pore formation and granzyme transfer to target cells. However, even when pore formation occurs in our model, a large amount of both granzyme and perforin still escape from the synapse. We argue that a tight seal between the cytotoxic lymphocyte and its target cell is not required to avoid bystander killing. Instead, we propose that the requirement for spatiotemporal colocalization of granzyme and perforin acts as an effective bimolecular filter to ensure target specificity.
INTRODUCTION
Cytotoxic T lymphocytes (CTLs) and natural killer (NK) cells are essential players in the vertebrate immune system that act as primary effectors of cell-mediated immunity by inducing programmed cell death, or apoptosis, in targeted cells. These cytotoxic lymphocytes (CLs) are responsible for the clearance of cells infected by intracellular pathogens, as well as transformed tumor cells. As NK cells and CTLs are members of the innate and adaptive immune responses, respectively, their mechanisms of target-cell recognition differ. However, once an effector cell of either type locates a target cell, the subsequent events leading to the programmed death of the target cell are very similar.
Upon recognition of a target cell via surface receptor interactions (e.g., a T-cell receptor binding to a peptidemajor-histocompatibility-protein complex), the so-called immunological synapse (IS) is formed-a region of tight proximity between the CL and target-cell membranes, in which two distinct killing pathways unfold. The first is the death receptor pathway, which is mainly thought to be important in the context of maintaining T-cell homeostasis and deleting autoreactive T-cells. Fas ligand expressed on the surface of the CL stimulates Fas receptors on the target cell, which leads to receptor aggregation and activation of the extrinsic apoptosis pathway. The second main way in which CLs kill their targets, which is the topic of this article, is via the exocytosis of lytic granules containing, among others, perforin (PFN) and granzymes into the IS (1) (2) (3) . In this article, we confine our discussion to granzyme B (GzB), as it is the most important member of the granzyme family in inducing target-cell death, possibly along with granzyme A, although this is controversial (4) . PFN and GzB diffuse across the IS to the target-cell membrane, where GzB achieves entry to the cytosol in a PFN-dependent manner. Once internalized, GzB, a serine protease, initiates apoptosis by cleavage of BH3-interacting-domain death agonist (BID) and caspase-3.
Exactly how PFN mediates GzB access to the target cell in the context of the IS has been the subject of debate for over two decades, with two principle models having been investigated, as reviewed by Voskoboinik et al. (3) . The simpler model proposed that PFN creates pores in the target-cell membrane, allowing GzB to diffuse into the cytosol of the target. The more complex theory suggested that PFN and GzB bind regions of the target-cell membrane within the IS that are then rapidly endocytosed. PFN pores form within the endosomes, allowing GzB to be released into the target cell. However, recent high-resolution microscopic studies strongly support the simpler model whereby PFN monomers insert into the target-cell membrane and then combine to form multimeric pores through which GzB can subsequently diffuse (5) . These pores have recently been observed and characterized using cryo-electron microscopy (6) . It has also been demonstrated that PFN pores are rapidly repaired by the target cell, leaving only a short window of time for GzB to enter the cytosol (5) .
Taken together, these studies raise interesting questions about the relative timescales for diffusion, pore formation, and GzB delivery. Despite a large investment in experimental effort, we are aware of no existing theoretical consideration of this system that allows these questions to be resolved; previous theoretical work in which we developed analytic solutions for the concentration of a diffusing species in the synapse volume based on partial differential equations is restricted to a single diffusing chemical (7) . Here, we consider nonlinear kinetics of PFN aggregation and small numbers of multiple diffusing molecules. To accurately capture both these aspects of the problem, we apply a spatial stochastic simulation algorithm (SSSA). This method, although relatively time-consuming computationally, allows us to gain insight into this nonlinear system and to obtain probability distributions of events in the model rather than just the mean behavior, both of which are unobtainable with differential equation methods. Using this approach, we develop and analyze a mathematical model of the simpler mechanism of GzB delivery via PFN pores. Our model allows us to show that PFN-pore-facilitated GzB entry into the target cell can support rapid, targeted killing. However, reliable pore formation requires previously unconsidered constraints on the rate of diffusive transport within the IS, which we hypothesize is due to molecular crowding in the synapse.
MATERIALS AND METHODS
We seek to describe the dynamics of GzB and PFN from their release from lytic granules, through their diffusion throughout the IS, to PFN pore formation and GzB internalization. We first provide a description of our biophysical model of this system, and follow with its mathematical and computational implementation.
Biophysical model: geometry and molecular processes
The IS is an irregular narrow region between the CL and target cell that has a very high aspect ratio: the radius of the enclosed region is on the order of microns, whereas the distance between the two cells is on the order of tens of nanometers (8) . Therefore, we model the IS as a very flat, broad disc of radius R ¼ 3 mm and height h ¼ 20 nm, as shown in Fig. 1 , with the CL membrane taken to be the upper surface of the disc and the target membrane considered explicitly, immediately below the lower surface of the disc. Since h $ 20 À 40 nm, and the diameters of GzB and PFN are $ 5 nm and $ 8 nm, respectively (6,9), we allow that molecules may escape through the synapse edge.
Given that exocytosis of lytic granules is temporally synchronized (1) , and that the timescales of both exocytosis (on the order of milliseconds (10)) and diffusion across the synapse (calculated using the Stokes-Einstein relationship to be on the order of microseconds using the dimensions of the synapse given above) are much faster than pore formation (observed to be on the order of seconds (5,11,12)), we assume that GzB and PFN are instantaneously released from the CL membrane as an initial bolus. The exact location of granule release, the so-called secretory domain, has been variously reported FIGURE 1 Model geometry and molecular interactions. We consider the synapse (blue) as a broad flat disc, with the upper surface the CL membrane, and the lower surface the target-cell membrane (yellow). GzB (purple circles) and PFN (green cylinders) are released from a central lytic granule (red). We discretize this space into a two-dimensional mesh of subvolumes (upper left). The time evolution of the system is then governed by diffusive jumps between subvolumes, and interactions between molecules within a subvolume. These interactions encompass PFN membrane insertion and oligomerization leading to pore formation, followed by GzB internalization through pores (lower right). To see this figure in color, go online.
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as both central (13) and between the central and peripheral supramolecular activation complexes (14) . For simplicity, we assume that GzB and PFN are released from a single lytic granule of radius R LG ¼ 500 nm (13) at the center of the synapse. This assumption is also maximally conservative with respect to molecular escape from the synapse (see discussion below).
Within this geometry, we model the spatiotemporal dynamics of GzB and PFN by considering diffusive transport, as well as chemical interaction (schematically depicted in Fig. 1 ). Both molecules diffuse throughout the synapse, eventually either escaping at its lateral edge or interacting with the target-cell membrane, as described below. Due to the extreme aspect ratio of the synapse, the timescale for diffusive transport across the height of the synapse is short compared to all other relevant processes, and therefore we approximate diffusion in the synapse as two-dimensional in the horizontal plane.
PFN monomers insert into the target-cell membrane with rate k ins , which we assume is slower than the diffusion-limited rate, due to the energy requirements of lipid membrane displacement for PFN insertion. Membrane-inserted monomers can then diffuse across the membrane and potentially combine to form pores. Based on an analysis of electron micrographs that indicates that pores consist of a ring of 18-20 PFN monomers spanning the target-cell membrane (6), we modeled pores as 18mers. We modeled the path to pore formation as a multistep, multipathway oligomerization process, which consists of monomer dimerization as well as monomer and dimer aggregation to form trimers. Monomers, dimers, and trimers then combine with each other to form higher-order oligomers. Since membrane diffusivity scales inversely with molecular size, higher-order oligomers will be decreasingly mobile. They will also be sparsely distributed and therefore, it is very unlikely that a higher-order oligomer would encounter another higher-order oligomer before a low-order oligomer. We used this observation to simplify our model of pore formation by neglecting any interaction between two oligomers greater than a trimer: oligomers can only grow in size by combining with a monomer, dimer, or trimer. We assume that the rate of PFN oligomer aggregation is diffusion limited and denote this rate as k i;j . We neglect reverse reactions for both membrane insertion and oligomerization.
Once an 18mer has formed, this becomes a pore through which GzB can diffuse, which occurs at rate k g . We assume that this process is diffusion limited, and neglect the reverse reaction.
Symbolically, we have the following reaction scheme:
where P and G represent synaptic PFN and GzB, respectively, P i denotes a membrane-inserted PFN i-mer for i ¼ 1; .; 18. G int denotes internalized GzB, and k ins , k i;j , and k g denote the rates of PFN membrane insertion, PFN oligomerization, and GzB pore transit, respectively. We assume that during the short timescale of the processes we are modeling, no GzB or PFN molecules are lost due to other processes, such as irreversible nonspecific binding of these proteins in the synapse, loss of P j molecules in the target-cell membrane due to endocytosis, or loss of functional activity of either molecule due to irreversible inactivation in the IS. In summary, our model consists of a broad, flat, disc-shaped IS between the CL and target cell. GzB and PFN are released as an instantaneous bolus from a single, centrally located lytic granule, whereupon they diffuse throughout the synapse, with the potential for any molecule to diffuse out of the IS through the lateral edges. PFN inserts into the target-cell membrane and oligomerizes to form pores, through which GzB can then diffuse.
Mathematical description: SSSA
Since the numbers of certain molecular species (such as 18mer pores) are very low, continuous models derived from mass action kinetics are inappropriate for describing our system, and stochastic methods are instead necessary. Furthermore, due to the localized release of molecules, combined with the relative sparsity of these molecules in the system, spatial effects are important, and homogenous stochastic models are likely to be insufficient. To accurately model small numbers of molecules in space and time, we therefore applied a discrete SSSA developed by Elf and Ehrenberg (15, 16) , which is an extension of the spatially homogenous next-reaction method of Gibson and Delbruck (17) , itself a computationally more efficient version of the original Gillespie algorithm (18) .
Following Elf, we discretize the physical simulation space into subvolumes of dimension l, chosen to be small enough that the spatial distribution of molecular species is approximately homogeneous within each. This justifies using mass-action chemical rate constants to describe the molecular interactions within a subvolume. Diffusion is modeled as another reaction in which a molecule jumps from one subvolume to an adjacent one with a rate constant of d ¼ nD=l 2 , where n ¼ 4 are the spatial degrees of freedom for a diffusive jump, and D is the diffusivity. This mapping of diffusion to a reaction allows for the formalism of the Gillespie algorithm to be employed.
We constructed a discretized IS with two-dimensional subvolumes of side length l, as shown in Fig. 1 . There are three regions: the central lytic granule, which contains PFN and GzB initially, the rest of the synapse, and a region external to the synapse. This last region is present to allow for escape from the synapse, and return from the exterior is prohibited. Finally, within each subvolume, chemical reactions occur according to the chemical reaction scheme in Eq. 1.
Hindered diffusion in the IS
We consider molecules in the synapse as roughly spherical particles diffusing freely in a bulk fluid, and so estimate their diffusivity from the Stokes-Einstein relation, D free ¼ k B T=ð6ph w rÞ where k B T is the thermal energy, h w is the solvent viscosity, and r is the radius of the molecule. In addition, the diffusivity is modulated by a hindered diffusion parameter, a, which is motivated by the observation of very high electron density in the IS, which we hypothesize is due to densely packed extracellular adhesion and signaling molecules. This molecular crowding in the IS has two effects, both resulting in a decrease in effective diffusivity. First, nonspecific binding of GzB and PFN to intrasynaptic molecules decreases the total time during which GzB or PFN are free to diffuse. Second, the space occupied by intrasynaptic molecules is not available for GzB and PFN diffusion. The effects of the latter are accounted for by multiplying the free diffusivity by the volume fraction of the synapse still available for free diffusion, ð1 À f Þ, where f is the volume fraction of the synapse occupied by the intrasynaptic molecules. To derive an expression to model the effects of nonspecific binding, we consider a molecule (GzB or PFN) diffusing in the synapse, which is filled with other molecules (referred to hereafter as binders) filling the synapse at a number density r. We assume that the diffusing molecule binds a binder with a rate rk on and disassociates from it at a rate k off . As these binders are attached to either the CL or the target cell, we assume that the diffusing molecule is immobile when bound to a binder. Thus, the time the molecule spends free to diffuse or bound is proportional to the inverse of the associated binding and unbinding rates, respectively, and the fraction of time (t) that a diffusing molecule spends free and unbound is, after minor algebraic manipulation,
where the second equality is obtained by dividing through by k on , and k D is the dissociation constant for nonspecific protein-protein interactions, which can be experimentally measured. To calculate r, we note that it is equal to the number of molecules (N) in the synapse divided by the volume of the synapse ðV syn Þ. We can approximate the number of molecules in the synapse by taking it to be the total volume of the synapse occupied by
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To obtain an expression for a, which relates the effective diffusivity of molecules in the synapse ðD eff Þ to the corresponding free (Stokes-Einstein) diffusivity ðD free Þ, we multiply the volume fraction of the synapse still available for free diffusion ð1 À f Þ by the fraction of time during which molecules are able to diffuse freely (t):
PFN oligomer diffusion and aggregation in the target-cell membrane
The diffusivity of proteins in cell membranes is a problem that has received considerable experimental and theoretical attention (19) (20) (21) . These efforts have demonstrated that the diffusivity varies with the total protein density in the membrane, as well as the radius of the diffusing protein, both of which are relevant for our consideration of a PFN oligomer of changing radius in the highly crowded IS. Recent experimental work has shown that at low densities, the diffusivity scales according to a Saffman-Delbruck (19)-type relationship (ln½1=r, where r is the radius of the diffusing molecule), whereas in highly crowded membranes, diffusivity scales as 1=r (21). The latter result was also arrived at independently by Gambin and colleagues (20) and is consistent with the Stokes-Einstein description. It is difficult to estimate whether the membranes at the IS are highly crowded or not in the terms of these experimental studies. We performed simulations using both relationships and found that pore formation and GzB delivery were extremely improbable under the Stokes-Einstein description. Therefore, to be maximally conservative in terms of minimizing the requirement for hindered bulk diffusion in the synapse, we present simulations using the Saffman-Delbruck relationship to describe the diffusivity of a PFN oligomer in the membrane,
where k B T is the thermal energy, h w and h l are the solvent and membrane viscosities, respectively, x is the thickness of the cell membrane, r Pj is the radius of a PFN j-mer, and g is Euler's constant. The radius of a j-mer is taken to be the average of its long and short dimensions:
, where R PFN is the radius of a PFN monomer. If two oligomers are in the same subvolume, then they may combine to form a higher-order oligomer, subject to the conditions in Eq. 1. We take the rate constant, k i;j , for this process to be the diffusion-limited rate for a particle (in our case, the smaller oligomer, P i ) finding a trap (the larger oligomer, P j ) on the surface of a membrane (22):
Here, l 2 is the surface area of the subvolume, which is the space the N Pi i-mers explore in finding the j-mer trap, and s is the reaction radius, which we have taken to be the sum of the radii of the two oligomers. This is the maximum possible reaction rate, and so we are considering the fastest possible rate of pore formation in this model.
Rate of granzyme translocation through PFN pores
To derive a rate for GzB internalization through a pore, we consider two processes: 1) finding the pore; and 2) translocating through the pore. The first step can be described by considering a particle in a cuboid with height h (the height of the synapse) and cross section l 2 (the area of the subvolume the particle is in). If we assume some diffusion-driven flux, F, of particles hitting the bottom of the cuboid (namely, the target-cell membrane) then approximately FA p =l 2 particles will hit a pore, where A p is the cross-sectional area of a pore. If we then divide this by the number of particles in the cuboid, we will have a rate for the particle finding the pore. To derive an expression for the flux, F, we first note that lateral diffusion occurs when the particle jumps to the next subvolume, whereas we wish to calculate the rate at which the particle hits the target-cell membrane in those cases where the particle remains in the subvolume. Therefore, the problem can be described by a one-dimensional diffusion equation at equilibrium, with reflecting boundary conditions at the top of the cuboid (since we assume no particles are reabsorbed by the target cell) and absorbing boundary conditions at the bottom of the cuboid (since we are calculating the flux of all particles hitting the membrane). Solving the one-dimensional diffusion equation allows us to calculate the flux, F, at the target-cell membrane, which yields the rate k g ¼ 3pR 2 p D=l 2 h 2 for GzB hitting a pore, where R p ¼ 20 nm is the pore radius (6).
To derive a rate for GzB translocation, we note that electron micrographs of PFN multimer pores show a relatively smooth and uniform pore, with no evidence of gates or obstruction to particle entry (6) . Therefore, we assume that pore transit can be modeled as a one-dimensional diffusive process, with a rate that scales as 1=x 2 , where x $ 10 nm is the thickness of the membrane (23) . Comparing this rate to that derived above for GzB finding a pore, and recalling that the height of the synapse is h $ 20 nm, we see that GzB finding the pore will be the rate-limiting step. Given that the GzB internalization process in our model is identical in form to an enzymatic reaction (Eq. 1), it is conceivable that GzB might saturate pores, in which case Michaelis-Menten kinetics would be more appropriate than mass-action kinetics. However, using the initial (maximal) concentration of GzB in our system, and a pore diameter of 20 nm (6), we estimate the average number of GzB per pore to be on the order of 10 À2 , and so we find that our assumption of mass-action kinetics for pore translocation would be valid even for much higher GzB concentrations.
Model parameterization and implementation
To calculate the number of PFN and GzB molecules released into the synapse, we first estimated the total number of these molecules in a CL. For PFN, this was reported to be an average of 500 PFN molecules for CTLs and 3500 for NK cells (24), so we selected an arbitrary intermediate value of 1500. We could not find any estimates of the number of GzB molecules per cell, so we instead used RNA-expression data showing that the GzB mRNA copy number is 10 times that of PFN (25) to set the number of GzB molecules at 15,000. Given that the mRNA copy number often correlates poorly with protein expression levels (26) , that the experimental work quantifying PFN number per cell has several technical limitations, and that there is uncertainty surrounding the number of molecules released in a lymphocyte-target-cell interaction, we use these values only as a starting point from which to subsequently explore the effects of PFN and GzB concentration (see Results).
To derive the hindered-diffusion parameter a, we must estimate the volume of an average protein spanning the synapse ðV avg Þ, the volume occupancy of these proteins in the synapse (f), and the dissociation constant for nonspecific binding interactions of GzB or PFN with such an average protein ðk D Þ. To strengthen our arguments about the importance of molecular crowding, we chose our parameters so as to reasonably maximize a and thus minimize the effects of hindered diffusion for a given parameter set. To Biophysical Journal 109(3) 477-488 estimate V avg , we used an average molecular weight of 200 kDa as representative of abundant signaling and adhesion molecules found in the synapse (e.g., ICAM1, LFA1, and CD45), and an average protein density of 1:35 g/cm 3 (valid for molecules >20 kDa) (27) to calculate V avg ¼ 250 nm 3 . To estimate f, we note that electron micrographs of the synapse show it as much more electron dense than the average density of the cytoplasm. Therefore, we reasoned that the maximum estimates of the volume occupancy of the cytoplasm would be an appropriate lower bound on the volume occupancy of the synapse, choosing f ¼ 0:4 (28). Finally, again aiming to maximize a, we chose k D ¼ 10 À3 M, based on estimates of 10 À6 À 10 À3 M for nonspecific protein-protein interactions (29) . Finally, we used recent experimental data to estimate the rate of PFN insertion into the membrane as k ins ¼ 2 s -1 (30) . A summary of the parameters used in this study, with literature sources, is shown in Table 1 . The model was implemented in MATLAB and then compiled as a stand-alone executable. For each parameter set, 100 independent simulations were conducted. Simulations terminated when no further diffusive or chemical events were possible. Data analysis, visualization, and plotting were conducted using the R statistical analysis language.
RESULTS

Validation of SSSA computational implementation
We first verified that our simulation algorithm and implementation correctly reproduced free diffusion and chemical kinetics by comparing these limiting cases to their corresponding analytic solutions. These results are shown and discussed in the Supporting Material.
Free diffusion in the synapse is incompatible with granzyme internalization
We initially built our model without including the hindereddiffusion coefficient, a. However, when we plotted the various molecular species against time, as in Fig. 2 , it became apparent that virtually all GzB, and a large majority of PFN, escaped the synapse before pore formation could occur. This continued to be the case when we increased the numbers of both GzB and PFN by one to two orders of magnitude. Since lytic-granule-mediated cytotoxicity is known to be crucial for CL killing, this lack of internalization indicated that the aspect ratio of the synapse alone was insufficient to contain molecules in the IS. This motivated us to reexamine the physical environment of the IS. In contrast to a simple aqueous space, the IS contains a high density of signaling and adhesion molecules, giving it a characteristic electron-dense appearance in electron micrographs. Incorporating a hindered-diffusion parameter, a (see Materials and Methods) to model the reduced diffusivity of GzB and PFN due to these conditions resulted in a marked decrease in the loss of both molecules, leading to increased poreformation probability and GzB internalization.
Pore formation is influenced by the amount of PFN released
When we included a description of hindered diffusion in our model, the rate of GzB and PFN loss was dramatically attenuated, and occasionally pore formation did occur. However, the probability of pore formation was still only 0.04, which we consider incompatible with physiological expectations. Therefore, we explored the importance of the amount of PFN released into the synapse. Interestingly, increasing the PFN number did increase pore-formation probability (Fig. 3 a) , with the latter value increasing from close to zero at low PFN numbers to unity at high PFN numbers. Most notably, in control simulations without hindered diffusion ða ¼ 1Þ at the maximum PFN value (Fig. 3 a, 6000N ), virtually no pore formation occurs, as compared to consistent pore formation for this maximum PFN value with hindered diffusion. This reinforces the argument that hindered diffusion is critical for the system to function. These results also introduce the recurrent finding that appreciable quantities of GzB are internalized if pore formation occurs, but even in these cases, the majority of GzB still escapes the synapse. We return to these points in the discussion below.
The amount of granzyme internalized depends strongly on the rate of pore formation
Since the amount of PFN initially released had such a strong effect on the probability of pore formation and GzB internalization, we examined the potential correlation between the amount of GzB released and the amount of GzB internalized. Due to the uncertainty in the literature concerning the amount of GzB released, we present results over two orders of magnitude of N GzB . As can be seen from Fig. 4 a, although the amount of GzB internalized does increase with GzB released, it is a very modest effect. We hypothesized that the effect was so weak because GzB internalization is entirely dependent on pore formation: before pore formation, GzB is lost rapidly due to diffusive escape from the IS. Since the rate of loss is independent of total GzB number, increasing the total amount will not change the fraction of GzB preserved at the time of pore formation, but rather the absolute number. To confirm this, we pooled data from all simulations in our study, across heterogeneous parameter sets, plotting the fraction of total GzB that is internalized against the time to first pore formation (Fig. 4 b) . A distinct negative correlation is observed, indicating that total GzB internalization is primarily a function FIGURE 3 Effect of the amount of PFN released on pore-formation probability and GzB internalization. (a and b) The probability of pore formation undergoes a transition from minimal to consistent over one order of magnitude of PFN number released into the synapse volume, but even at the maximum PFN value we consider, hindered diffusion is required for this effect. (c and d) Even when pore formation is certain, the majority of GzB still escapes the synapse. Each error bar represents the standard deviation over 100 simulations. The baseline hindered diffusion is a ¼ 0:306, which is obtained from Eq. 4 using values from Table 1 . The N suffix indicates no hindered diffusion ða ¼ 1Þ. To see this figure in color, go online.
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of pore formation. Finally, we note the continued importance of hindered diffusion in maintaining appreciable levels of GzB internalization (Fig. 4 a) .
Hindered diffusion critically influences pore formation and granzyme internalization
Even when varying other parameters across several orders of magnitude, hindered diffusion proved critical in all cases for pore formation and GzB internalization. Therefore, we sought to quantitatively investigate its importance by varying a from 0.1 to 1, corresponding to marked hindered diffusion and free diffusion, respectively. We chose to vary a rather than any of its constituent parameters from Eq. 4 to explore its effect in an unbiased manner. As expected, at high levels of hindered diffusion, the loss of molecules is greatly attenuated, and pore formation occurs with a probability nearing unity, whereas when molecules diffuse freely, pore formation is rare (Fig. 5, a and b) . Similarly, GzB internalization is significant at high levels of hindered diffusion and almost nonexistent in the case of free diffusion (Fig. 5, c  and d ). Most notably, the variation in pore-formation probability and GzB internalization extends over two and five orders of magnitude, respectively, demonstrating the importance of hindered diffusion in creating an IS environment that is conducive to GzB internalization and effective target killing. We also note that even for a ¼ 0:1, corresponding to high levels of hindered diffusion, 95% of GzB escapes the synapse.
Dependence of pore formation and granzyme delivery on PFN insertion and diffusion in the target-cell membrane
To investigate the effect of the diffusion coefficient for PFN oligomers in the target-cell membrane, we repeated the analysis of the previous section, but with a 10-fold-reduced membrane diffusivity. The results are shown in Fig. 6 . Comparing this to Fig. 5 , we see approximately 10-fold lower pore formation and GzB internalization, but the same general pattern of results: pore formation and granzyme internalization depend heavily on a high level of hindered diffusion, and even in that case, a large amount of GzB escapes. The main reason for this reduction in pore formation and granzyme internalization is that the lower PFN oligomer diffusivity strongly affects the ability of large j-mers of PFN to find each other and form pores, but free GzB is still escaping from the synapse at the same rate as in the simulations shown in Fig. 5 . We also studied the effect of the PFN insertion rate into the membrane, k ins . As one would expect, the likelihood of pore formation and GzB delivery increases with this parameter, but importantly, even at the highest value of k ins we considered, successful delivery is strongly dependent on hindered diffusion (Fig. 7) .
DISCUSSION
In this article, we have used a mathematical model to investigate the important features of the granzyme-PFN pathway, a two-component system used by cytotoxic cells of the immune system to kill infected and malignant cells. Our key findings are as follows: 1) robust PFN pore formation and GzB delivery to target cells requires rapid pore formation and molecular crowding that hinders diffusive transport in the synaptic volume, thus slowing molecular escape; and 2) even in regimes where we predict consistent formation of PFN pores and appreciable GzB internalization, the vast majority of GzB escapes from the synapse.
Historically, the potency and specificity of cytotoxic lymphocyte killing has been understood in the context of two observational constraints: effective target-cell lysis with bystander sparing (31) . This has been explained by a model in which the IS volume is effectively sealed by extremely close proximity between the cell membranes at its edges, which would physically prevent the escape of secreted molecules and thus minimize bystander killing while also ensuring adequate species concentrations in the synapse for target-cell killing. Our first models of the IS, consisting of a simple aqueous environment with no peripheral seal, clearly demonstrated that the high aspect ratio of the synapse in isolation was insufficient for molecular confinement and, therefore, for CL function. Rather than adding such a seal, with an as yet unclear mechanism of rapid formation and dissociation, we noted the electron density of the IS on electron micrographs, and hypothesized that this was due to a high density of signaling and adhesion molecules, which effectively hinder diffusion in the synapse, resulting in sufficient confinement of PFN and GzB in the IS for both bystander sparing and target-cell killing.
When we updated our model to reflect this hypothesis, we found consistent pore formation and GzB internalization under various parameter regimes, indicating that hindered diffusion is sufficient for target-cell killing. However, even with rapid pore formation, the majority of GzB still escapes the synapse, along with a significant amount of PFN, raising the possibility of bystander killing due to these escaped molecules. We believe that this is highly unlikely to be a significant issue, because very high and localized concentrations of PFN are required for effective pore formation. Based on our model, such high concentrations are only fleetingly present at the point of release of a lytic granule and so will likely not occur at any distance from the IS, let alone at even more dilute concentrations in the intracellular milieu. Even if a pore were to form, escaped GzB would be similarly diluted, making internalization of significant FIGURE 5 Importance of hindered diffusion in pore formation and GzB internalization. It can be seen that as the level of hindered diffusion decreases, the likelihood of pore formation goes from consistent to minimal (a). The importance of a is highlighted by the variability of pore-formation probability (two orders of magnitude (a and b)) and the amount of GzB internalization (five orders of magnitude (d)). Although it is evident from (d) that appreciable GzB is internalized at high levels of hindered diffusion, (c) shows that the majority of GzB still escapes the synapse in these cases. Each error bar represents the standard deviation over 100 simulations. The N suffix indicates free diffusion. To see this figure in color, go online.
Biophysical Journal 109(3) 477-488 quantities of GzB highly unlikely. In addition, cellular pore repair mechanisms act reasonably quickly (5), further reducing the potential for bystander killing in the absence of a simultaneous high local concentration of GzB. This requirement of spatiotemporal colocalization of high concentrations of PFN and GzB for pore formation and killing represents a very effective safety mechanism that avoids bystander killing but nonetheless allows efficient targeted killing. If we consider the requirement of both a GzB and PFN signal as binary in space and time, but the strength of the signal as analog, and therefore multiplicative, we see that this two-component system creates a filter that yields a signal that is very strong when colocalization occurs but is rapidly attenuated when the two species are spatially or temporally disparate. As opposed to the sealed IS model, which conflates bystander sparing and target-cell killing in a single mechanism (the seal), this hypothesis allows for the decoupling of pore formation, resulting from hindered diffusion, and bystander-cell survival, resulting from the bimolecular filter.
Our hindered-diffusion-based model may also help explain the experimental observation that CTLs can kill multiple targets encountered simultaneously by polarizing lytic granules toward multiple targets (32) . Interestingly, a complete IS is not formed for every killed target. Under a sealed IS model, it is difficult to conceive how sufficiently high concentrations of GzB and PFN could be maintained in such a multitarget-leaky IS to achieve target-cell killing. However, in our model, where high concentrations are sustained by slowed diffusivity due to a crowded synapse, one could imagine that although the synapse is not a tight, organized apposition, there are still significant amounts of adhesion and signaling molecules present. In this case, despite an incomplete appearance, the synapse would still be crowded, with these molecules still slowing the escape of GzB and PFN and thus enabling continued target-cell lysis.
From a biophysical standpoint, this model consists of four interacting processes, each with different timescales: 1) diffusion, whether hindered or free, in the synapse, which influences the rate of molecular escape at the lateral edges of the synapse; 2) the rate of PFN insertion into the targetcell membrane; 3) the rate of diffusion and aggregation of PFN oligomers in the target-cell membrane, which influences the rate of pore formation; and 4) the rate at which granzyme finds PFN pores. The relative timescales of these processes determine whether sufficient granzyme and PFN are retained in the synapse for a long enough time to allow for pore formation and granzyme internalization. In reality, the first three processes are the rate-limiting steps: once pore formation occurs, granzyme internalization is very rapid.
There are myriad effects that could influence these processes, such as the volume occupancy of the synapse, specific or nonspecific interactions of the two species with each other or with other molecules, spatial variations in the width or height of the synapse, active membrane processes at the target cell involving surface molecules or the cytoskeleton, and the possible presence of a heretofore unobserved physical seal at the edges of the synapse, to name but a few. Given the sparse quantitative data regarding these effects, rather than attempt to incorporate them into first-principles descriptions for the three processes listed above, we have systematically investigated the influence these processes have on lymphocyte function. Our quantitative model allowed us to delineate the sensitivity of the granzyme-PFN pathway to these parameters by calculating the effect that varying a parameter has on the probability of pore formation, the key determinant of CL killing in our model. One way to quantitate this is to use a metric of maximum difference in pore-formation probability normalized to the fold change in the parameter value that was varied ðDP max Þ, with the normalization allowing for comparison between parameters with different units. Using this approach, we investigated the degree of hindered diffusion (DP max ¼ 0:335 (Fig. 5) ), the rate of PFN insertion (DP max ¼ 0:162 (Fig. 7) ), and the diffusivity of PFN in the target-cell membrane (DP max ¼ 0:069 (Fig. 6) ), and FIGURE 7 Impact of the rate of PFN insertion into the target-cell membrane on pore formation and granzyme internalization. Pore formation (a and b) increases dramatically with an increasing PFN membrane insertion rate. This is to be expected, because a key determinant in these processes is the ratio of PFN escaped to PFN inserted. By increasing the rate of insertion, more PFN is preserved to make pores. (c and d) Robust pore formation at higher PFN insertion rates reduces the fraction of escaped GzB (c) and increases the amount of GzB that enters the target cell (d). Importantly, as with all other parameters, even at the highest rate studied, almost no pore formation or granzyme internalization occurs in the absence of hindered diffusion. Each error bar represents the standard deviation over 100 simulations. The N suffix indicates free diffusion. To see this figure in color, go online.
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found that the most critical parameter of these three for pore formation and granzyme internalization is the degree of hindered diffusion in the IS. This can be most clearly seen by noting that when hindered diffusion is replaced by free diffusion in our model, pore formation is dramatically attenuated or eliminated, even at the extreme values of the other parameters we investigated.
Although our model is appealing in its mechanistic simplicity, there are certainly others that are possible, such as a peripheral seal, or transient, localized confinement of PFN in the target-cell membrane (33-35) enhancing pore formation. We investigated the latter hypothesis (Fig. 6) and found that our model predicts significantly reduced target-cell killing due to slowed PFN pore formation. Importantly, none of these models are mutually exclusive, and further computational and experimental work to delineate the relative importance of these mechanisms, as well as to further characterize this important system, would be welcome. To investigate the sealed-IS model using our computational implementation, the most reasonable approach would be to use a spatially dependent hindered diffusivity that is highest at the IS boundary as a model for the seal. Experimentally, there are two testable characteristics that would help distinguish between the two models. The first is the maximum size of a molecule that can enter or exit the synapse, which could be tested by adding fluorescently tagged inert polymers of increasing size to the extracellular milieu of a CL-target-cell conjugate, and using single-molecule microscopy to determine the maximum size of molecules that enter the synapse. Comparing this maximum size with the geometry of the synapse could provide insight into the nature of a peripheral seal. Second, our model rests on the notion of hindered diffusion, which implies that the diffusivity of a molecule in the synapse should be well below free diffusion. To test this, fluorescently tagged molecules might be observed within the synaptic region, and their diffusivity measured using fluorescence recovery or single-particle tracking. A diffusivity similar to that of free diffusion in an aqueous environment would argue against our model. We have initiated work on both of these ideas, and hope to report on the results in the near future.
In closing, we note that there is rapidly increasing excitement surrounding cancer immunotherapy in general (36) , as well as recognition of the central role that CLs play in these modalities. As the granzyme-PFN pathway is crucial to the lytic capability of these cells, we believe that a better understanding of the pathway may enable rational design of improved effector mechanisms for cell-based therapies that circumvent apoptosis-resistant malignancies. The dynamics of perforin oligomerization and GrB translocation are nonlinear and no analytic solution exists that describes our model, which motivated our choice of the SSSA method to study this system. However, to ensure that our algorithm was correctly implemented, we sought to compare its predictions to those cases for which analytic solutions are tractable: chemical reactions according to mass action, and molecular diffusion due to Brownian motion.
SUPPORTING MATERIAL
Chemical kinetics
We consider the simple case of a three species system given by A + B k − → C, which can be described by the following set of ODEs:
To implement this limiting case in our SSSA model we set all diffusivities equal to zero, and initialized a single subvolume with 2000 perforin pores and 3000 granzyme molecules, and then simulated the time evolution of granzyme translocation through the perforin pores. Due to the nonlinearity of the above ODE system, there is no closed form analytic solution, so we solved the system numerically using ode45 in Matlab, with the initial conditions as described above, and k = k g as in the main text. The results are shown in Supplementary Figure 1 , and show good agreement, indicating that our algorithm correctly describes chemical interactions.
Supplementary Figure 1 : Mass action kinetics are accurately captured by the SSSA algorithm. A single subvolume was initialized with 2000 perforin pores (red) and 3000 granzyme molecules (blue). This system was simulated using our SSSA, with all diffusivities set to zero, and all chemical rate constants set to zero, save the rate of granzyme translocation through perforin pores, which was calculated as described in the Methods section in the main text. Data from 100 independent simulations is plotted. Analytic solutions to this system were calculated from the corresponding ODE system in Matlab, and are plotted as black lines. The green data set is internalized granzyme.
Free diffusion in the synapse
We consider an initial bolus of N o molecules released into the synapse from the centrally located lytic granule (of radius R LG ), and aim to describe the diffusive spread of these molecules. To model this process analytically, we sought solutions of the diffusion equation: ∂u/∂t = D∇ 2 u , where u = u(x, y, t) is the molecular concentration and D the diffusivity. In order to naturally parameterize the square sub volumes, we chose to adopt a square geometry in which solve the diffusion equation, using cartesian coordinates and a square synapse of side length 2R, chosen to be the same value as the diameter of the circular synapse in the SSSA algorithm. We assume that the aspect ratio is extreme so that the timescale of diffusion in the z-direction (across the synapse) is very short compared to that for xy plane, and spatial gradients in this direction may be neglected. Therefore we sought solutions to the diffusion equation in two dimensions over the domain S = {(x, y)| − R ≤ x ≤ R, −R ≤ y ≤ R}. Since we allow molecules to escape the synapse in our simulations, we adopt absorbing boundary conditions with u(±R, ±R, t) = 0. Finally the initial state is taken to be u(x, y, 0) =
LG for |x, y| ≤ R LG , and zero elsewhere. Using separation of variables, it is a fairly simple exercise (1) to find the solution for this problem in terms of sine functions:
where α n = nπ/2R. Using the initial conditions and the orthogonality of sines, it is straightforward to obtain the coefficients:
To simulate simple diffusive spreading in our SSSA model, we initialized the sub volumes containing the central lytic granule with N o = 2000 perforin molecules, spread evenly over the sub volumes. We set all rate constants to zero, and simulated the time evolution of the system 100 times, and calculated the average concentration and standard deviation for each sub volume, at each time point. We took a subset of this data (y = 0.25) that corresponds to a cross section of sub volumes that run as close as possible to the centre of the lytic granule and synapse. To confirm that this approach was representative, we repeated the subsetting for many different cross-sections, and in all cases the diffusive spread was gaussian as expected. The concentration profiles from both our analytic and simulated data are plotted for various times in Supplementary Figure 2 . We found that our simulations reproduce the analytic solution well, and that the error introduced by the choice of sub volume size (initially l = 0.5µm) is reduced at smaller sub volume sizes. Since the agreement was already quite good for l = 0.5µm, we felt that the large increase in computational cost was not worth the minor correction in accuracy and all simulations in the main paper are presented with l = 0.5µm as the sub volume dimension. 
Free diffusion in the synapse with membrane insertion
We next considered a system as above, with the addition that perforin can insert into the target cell membrane. For our analytic solution the diffusion equation becomes ∂u/∂t = D∇ 2 u − k ins u, where k ins is the membrane insertion rate of perforin as in the main text. The analytic solution has a very similar form to that of the previous section, with the exponential term becoming e −D(α 2 n +α 2 m )t−k ins t . To simulate this case we adopted the same approach as in the previous section, and set k ins = 2s −1 , rather than zero. We then generated the analytic and simulated data in the same way, and the results are plotted in Supplementary Figure 3 . Again the analytic and simulated data compare well. Free diffusion with attenuation due to target cell membrane insertion is well described by the SSSA algorithm. The data was generated and plotted in an identical manner to Supplementary Figure 2 save the additional exponential multiplicative term e −k ins t in the analytic solution, and the perforin membrane insertion rate k ins was set at its value stated in the main text (rather than zero as in the previous figures).
Diffusion and reaction in the target cell membrane
To test our SSSA further, we considered the problem of perforin monomers diffusing and reacting in the target cell membrane. Since our simulations do not allow perforin monomers to escape the synapse (see main text for discussion), we adopted reflecting (Neumann) rather than absorbing boundary conditions in deriving an analytic solution. In this case separation of variables yields a solution that is a series of cosines rather than sines:
u(x, y, t) = c oo + where α n = nπ/R. Using the initial conditions and the orthogonality of cosines, we obtain the following expressions for the coefficients:
LG R 2 , c n =
2R
LG u o nπR sin(α n R LG ), c n,m = 4u o mnπ 2 sin(α n R LG ) sin(α m R LG ). The SSSA simulations were obtained in the same manner as in the initial case of free diffusion, except that the sub volumes were initialized with membrane inserted perforin monomers, rather than free perforin. Perforin oligomer aggregation was suppressed by setting all chemical interaction rate constants to zero. The resulting simulations and analytic solutions are plotted in Supplementary Figure 4 . Again the comparisons are reasonable and can be improved by decreasing the sub-volume size (not shown). Note that since the membrane inserted perforin monomers cannot escape, the system reaches an equilibrium concentration given by the initial particle number (N o ) divided by the total area of the synapse. Since this area differs for the analytic (2R 2 ) and SSSA (πR 2 ) data, the equilibrium concentrations are slightly different. Supplementary Figure 4 : Diffusion in the target cell membrane diffusion described by the two-dimensional diffusion equation compares well with that simulated by the SSSA algorithm. The subvolumes comprising the central lytic granule were initialized with 2000 membrane inserted perforin monomers spread across the subvolumes. All chemical rate constants were set to zero, resulting in perforin monomers diffusing in the target cell membrane. The data was then generated and plotted in an identical manner to previous figures.
Finally, we ensured that membrane reactions are correctly captured by our SSSA. We simulated the reaction A + B → C for membrane-bound diffusing molecules A and B which react to form an immobile complex C with bimolecular rate constant k. This system can be modelled using the following PDE system for the concentrations A(x, y, t), B(x, y, t) and C(x, y, t):
We simulated this system using our SSSA and compared the results to those obtained from numerical solution of the PDE system. We used a square domain of size 5µm×5µm. In the SSSA, the domain was divided into square sub-regions of side 0.5µm. We initialized 500 A molecules and 700 B molecules in the central four sub-regions of the domain and simulated up to a fixed end-time with varying values of k spanning two orders of magnitude. As shown in Supplementary Figure 5 , the SSSA and PDE results agree well. A two-dimensional reaction-diffusion system is well described by our SSSA. The SSSA was applied to the two-dimensional A + B → C system and concentrations of reaction product C were extracted for a line of sub-regions across the simulation domain, as in previous figures (coloured dots indicate averages and coloured regions ± standard deviation over 100 simulations). The corresponding PDE system was solved using finite differences and the solution was then averaged over the regions corresponding to the same sub-regions of the SSSA to allow easy comparison (black dashed lines). SSSA and PDE results are shown for 10 different values of k spanning two orders of magnitude. We set D A = 2.9µm 2 s −1 and D B = 2.7µm 2 s −1
